By using Mawhin's coincidence degree theory and some inequality techniques, this paper establishes a new sufficient condition on the existence of at least eight positive periodic solutions for a food-limited two-species Gilpin-Ayala competition patch system with periodic harvesting terms. An example is given to illustrate the effectiveness of the result.
Introduction
In the past years, the study of population dynamics with harvesting in mathematical bioeconomics, due to its theoretical and practical significance in the optimal management of renewable resources, has attracted much attention [-]. Huusko and Hyvarinen in [] pointed out that 'the dynamics of exploited populations are clearly affected by recruitment and harvesting, and the changes in harvesting induced a tendency to generation cycling in the dynamics of a freshwater fish population. ' Recently, some researchers have paid much attention to the investigation of harvesting-induced multiple positive periodic solutions for some population systems under the assumption of periodicity of the parameters by using Mawhin's coincidence degree theory [-] . In , Gilpin and Ayala in [] firstly proposed and studied a few Gilpin-Ayala type competition models. Since then, many papers have been published on the dynamics of Gilpin-Ayala type competition models (for example, see [-] ).
In this paper, we consider a food-limited two-species Gilpin-Ayala competition patch system with harvesting terms:
[a  (t) -a  (t)x θ 
 (t) -a  (t)y θ  (t)] + D  (t)[x  (t) -x  (t)] -H  (t),
x  (t) =
x  (t) k  (t)+c  (t)x  (t) [a  (t) -a  (t)x θ 
 (t)] + D  (t)[x  (t) -x  (t)] -H  (t), y (t) = y(t) k  (t)+c  (t)y(t)
[a  (t) -a  (t)y θ  (t) -a  (t)x θ 
 (t)] -H  (t), (.)
where x  and y are the population densities of species x and y in patch , and x  is the density of species x in patch . Species y is confined to patch , while species x can diffuse between two patches due to the spatial heterogeneity and unbalanced food resources. http://www.journalofinequalitiesandapplications.com/content/2012/1/291 D i (t) (i = , ) are diffusion coefficients of species x. a  (t) (a  (t)) is the natural growth rate of species x in patch  (patch ), a  (t) is the natural growth rate of species y, a  (t), a  (t) are the inter-species competition coefficients. a ii (t) (i = , , ) are the density-dependent coefficients. k i (t) (i = , ) are the population numbers of species x at saturation in patch  (patch ), and k  (t) is the population number of species y at saturation in patch , respectively. H i (t) (i = , , ) denote the harvesting rates. θ i (i = , , ) represent a nonlinear measure of interspecific interference. When c i (t) =  (i = , , ),
(i = , , ) are the rate of replacement of mass in the population at saturation (including the replacement of metabolic loss and of dead organisms). In this case, system (.) is a food-limited population model. For other food-limited population models, we refer to [-].
To our knowledge, few papers have been published on the existence of multiple positive periodic solutions for Gilpin-Ayala type competition patch models. Motivated by the work of Chen [], we study the existence of multiple positive periodic solutions of (.) by using Mawhin's coincidence degree theory. Since system (.) involves the diffusion terms, the rates of replacement and the interspecific interference, the methods used in [-] are not available to system (.).
Existence of multiple positive periodic solutions
For the sake of convenience and simplicity, we denotē
where g is a nonnegative continuous T-periodic function. Set
From now on, we always assume that
We first make the following preparations [] . Let X, Z be normed vector spaces, L : dom L ⊂ X → Z be a linear mapping, N : X × [, ] → Z be a continuous mapping. The mapping L will be called a Fredholm mapping of index zero if dim Ker L = codim Im L < +∞ and Im L is closed in Z. If L is a Fredholm mapping of index zero, then there exist continuous projectors P : 
Lemma . Assume that a, b, c, α are positive constants and
implies that
From this, it is easy to see that the assertion holds.
Set
Then the following assertions hold:
and
Proof It follows from (H  )-(H  ) and Lemma . that the assertions ()-() hold. Noticing that
we have
It follows from this and the assertions ()-() that the assertion () also holds.
Lemma . []
Assume that x ≥ , y ≥ , p > , q > , and
Then the following inequality holds:
Now, we are ready to state the following main result of this paper.
Theorem . Assume that (H  )-(H  ) hold. Then system (.) has at least eight positive T-periodic solutions.
Proof Since we are concerned with positive solutions of (.), we make the change of variables
Then (.) is rewritten as
and define
Equipped with the above norm · , it is easy to verify that X and Z are Banach spaces. Set
For any u ∈ X, because of the periodicity, we can easily check
Here, for any k ∈ R  , we also identify it as the constant function in X or Z with the constant value k. It is easy to see that
Im L = , and P, Q are continuous projectors such that
Therefore, L is a Fredholm mapping of index zero. On the other hand,
Thus,
Obviously, QN and K p (I -Q)N are continuous. By the Arzela-Ascoli theorem, it is not
In order to apply Lemma ., we need to find eight appropriate open, bounded subsets
Corresponding to the operator equation Lu = λN(u, λ), λ ∈ (, ), we have
T is a T-periodic solution of (.), (.) and (.) for some
Then it is clear that From this and (.), (.), (.), we obtain that
and 
. From this and (.), we have
That is,
. From this and (.), we have
Therefore,
which implies
Claim B. It follows from (.) that
From this and noticing that
From the assertion () of Lemma . and the above inequality, we have
Similarly, from (.), we obtain
By a similar argument, it follows from (.) that
Similarly, from (.), we obtain
By a similar argument, it follows from (.) and (.) that
Similarly, from (.), we obtain
It follows from (.) that
.
Hence, we have
From the assertion () of Lemma . and the above inequality, we have
By a similar argument, it follows from (.) that
It follows from (.), (.), (.), (.) that
It follows from (.), (.), (.), (.) that
It follows from (.), (.), (.), (.) that
Letting QN(u, ) = , we have
Therefore, it follows from the assertion () of Lemma . that QN(u, ) =  has eight distinct solutions: 
